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Abstract
Progressive addition lenses contain a surface of spatially-varying cur-
vature, which provides variable optical power for different viewing areas
over the lens. We derive complete compatibility equations that provide
the exact magnitude of cylinder along lines of curvatures on any arbitrary
PAL smooth surface. These equations reveal that, contrary to current
knowledge, cylinder, and its derivative, does not only depend on prin-
cipal curvature and its derivatives along the principal line but also on
the geodesic curvature and its derivatives along the line orthogonal to
the principal line. We quantify the relevance of the geodesic curvature
through numerical computations. We also derive an extended and exact
Minkwitz theorem only restricted to be applied along lines of curvatures,
but excluding umbilical points.
1 Introduction
The use of progressive addition lenses (from now on PALs) is a widespread
ophthalmic solution when different refractive correction is required for differ-
ent object locations: far, near and intermediate. PALs contain a surface of
spatially-varying curvature, which provides the required variable optical power
for the different viewing areas over the lens. However, the major drawback of
PAL technology is the impossibility, intrinsic to any smooth surface, of provid-
ing spatially-varying mean curvature without introducing undesired astigmatism
(differences between principal curvatures), except along umbilical lines; a fact
firstly pointed out in PAL technology by Minkwitz [1]. This limitation imposes
to PAL design a trade-off between the required mean curvature and the unde-
sired astigmatism. A way to tackle such trade-off is to minimize a functional
where the function space S is defined as all possible surfaces (u ∈ S) describing
the variable curvature surface, and whose image is the metric related to the
aforementioned trade-off [2]:
J [u] =
∫
Ω
{
αC(x, y)2 + β(H(x, y)−Ht(x, y))2
}
dxdy (1)
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where, Ω defines the domain of u; C, H are cylinder and mean curvature func-
tions, respectively; Ht is the prescribed mean curvature function; and α and β
are arbitrarily weight functions setting a priori trade-off between the desired
mean curvature and the undesired cylinder. Minimizing the functional in (1)
opposes serious problems unless good candidates for weight functions are se-
lected [3]. However, (1) could potentially benefit if constraints limit the space S
in which we search for extremals of J [u] [4]. There are two type of constraints
that could be imposed to (1). The first type is related to constraints in the
manufacturing process; for instance, those imposed by the cutting tool radius
on the maximum attainable curvatures [3]. The second type is related to math-
ematical compatibility conditions between C and H for a surface to exist. In
this letter, we concentrate in the second type. Even without applying them to
optimize (1), such relations are highly relevant for a better understanding on
how far PAL design can go in achieving its ideal target, i.e. C(x, y) = 0 and
H(x, y) = Ht(x, y) for all points in the domain Ω.
In PAL design, it is usually defined the so-called principal line as the curve
embedded in the surface where it is prescribed the change of, at least, one
principal curvature. Among the surface compatibility conditions, to date only
the so-called Minkwitz theorem [1] and a generalization to it [6, 7] have been
found. Minkwitz theorem relates cylinder derivatives along sv with principal
curvature derivatives along su, where su and sv define arc-length along the
principal and its orthogonal line, respectively: dCdsv = 2
dku
dsu
. However, Minkwitz
theorem is only valid when the principal line is umbilic. A version of Minkwitz
theorem, given directly the cylinder was obtained by Alonso et al [3]: C =
2dkudsu sv.
Trying to overcome this strong restriction of Minkwitz theorem, Esser et
al. [6] found new equations for non-umbilical lines, still under the restriction of
being only applicable to principal lines of a symmetrical surface (hence, being
planar curves). An alternative derivation to that of Esser et al. was provided by
Blendowske [7], avoiding the symmetry restriction. However, both Minkwitz’s
theorem and the aforementioned generalizations are based on series expansion
of either curvatures [1, 6] or the surface itself [7], with a posterior truncation.
As will be seen later, this approximation leads to a misleading idea: namely, the
control of cylinder derivative depends locally only on first derivatives of mean
curvature (Minkwitz) and, additionally, on cylinder [6, 7] along exclusively the
principal line. Loss of dependency on curvature properties along the orthogonal
line to the principal one is a side effect of the Taylor truncation.
In this work, we derive all possible exact equations relating cylinder and
principal curvatures and/or with its derivatives along surface curves for any ar-
bitrary surface. The procedure for it is based on surface existence theory, which
establishes that Gauss-Codazzi-Mainardi equations (sometimes called compati-
bility equations) are necessary and sufficient surface differential conditions [8].
Moreover, there is no way to derive other expressions relating first and second
fundamental forms (p.239 [5]). Any extra equation derived from these ones
should be formally equivalent. This is indeed the case of Minkwitz theorem, as
we will show, and was already hinted by Blendowske [7].
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2 Theoretical derivations
Let r : Ω ⊂ R2 −→ R3 be a parametric representation of a surface S: r(u, v)
with its associate normal vector field n.
From now on E, F, G and L, M, N denote the first and second fundamental
forms, respectively, k1 and k2 the principal curvatures, H =
k1+k2
2 , the mean
curvature and C =| k1 − k2 | the cylinder. Given a surface parameterized in
orthogonal curvilinear coordinates (u, v), our starting point is Gauss-Codazzi-
Mainardi equations for these orthogonal coordinates (p. 149 [8]):
∂L
∂v
=
∂E
∂v
H,
∂N
∂u
=
∂G
∂u
H. (2)
Eqs. (2) are valid except at surface umbilical points, so k1 6= k2 must hold.
Now, cylinder can be plugged in Eqs. (2) if one chooses as orthogonal coordinate
system the one associated to curvature lines [8, 9]. Thus:
C
∂G
∂u
= 2G
∂ku
∂u
, C
∂E
∂v
= −2E∂kv
∂v
, (3)
where the principal curvatures along the lines of curvature u− v are denoted by
k1 ≡ kv and k2 ≡ ku. Note that a regular surface, such as those used in lenses,
can be completely covered with lines of curvature. Now, we use the concept
of geodesic curvature (the inner curvature of a curve embedded in a surface),
which, along a u− v net of curves, is given by (p. 157 [10]):
(kg)u=cte =
1
2G
√
E
∂G
∂u
,
(kg)v=cte =
−1
2E
√
G
∂E
∂v
.
(4)
Substituting Eqs. (4) into Eqs. (3) we get:
C =
1√
E(kg)u=cte
∂ku
∂u
=
1√
G(kg)v=cte
∂kv
∂v
. (5)
Still, we need to manipulate Eqs. (5) to provide cylinder as a function of deriva-
tives of curvatures along the curvature lines with the arc-length as curve param-
eter. Let us define su and sv to be the arc length parameters along the u − v
net of curves. For the functions ku(u, v) and kv(u, v), composition derivative
rules (and considering that du/dsv = 0 and dv/dsu = 0) provide the following
equations:
dku
dsu
=
du
dsu
∂ku
∂u
=
1√
E
∂ku
∂u
,
dku
dsv
=
dv
dsv
∂ku
∂v
=
1√
G
∂ku
∂v
,
dkv
dsu
=
du
dsu
∂kv
∂u
=
1√
E
∂kv
∂u
,
dkv
dsv
=
dv
dsv
∂kv
∂v
=
1√
G
∂kv
∂v
.
(6)
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Applying Eqs. (6) into (5) provides:
C =
1
(kg)u=cte
dku
dsu
=
1
(kg)v=cte
dkv
dsv
. (7)
Expression (7) has been derived somewhat differently elsewhere [11, 12].
Looking in detail to (7) we can extract some relevant conclusions. Cylinder
depends linearly on the speed of change of a principal curvature along one line
of curvature and also, at the same time, it is inversely proportional to the
geodesic curvature along the orthogonal line of curvature at the same point.
The dependence with curvature properties along both lines of curvatures is an
expected result considering that the cylinder is a function of the two principal
curvatures, at a specific point of the surface. Particularly, choosing the principal
line to be one of the lines of curvatures we can extract a very important property;
contrary to what is predicted by Alonso version of Minkwitz theorem [13], (7)
reveals that there is one, and only one, extra independent variable for controlling
cylinder besides the ratio of change in the principal curvature along the principal
line: the geodesic curvature.
This property is not meaningless from a practical point of view, since the
geodesic curvature is a measure of how the curve within the surface twists out
locally [13], which is related to the manufacturing process of that surface. Given
a ratio of change of one the principal curvatures, the only way to minimize cylin-
der is at the expense of twisting the surface locally, which makes manufacturing
more complex. In turn, this proves why a tendency to local axial symmetry
(along the normal to the surface) is a bad choice for keeping cylinder under
control, because in that case the geodesic curvature takes very small values.
We point out that (7) becomes undetermined if a line of curvature is coin-
cident with a geodesic line at the evaluation point. At geodesics the geodesic
curvature vanishes, but considering that the cylinder of a smooth function is,
itself, smooth, at those points, then the derivative of the principal curvature
must also vanish, hence making (7) undetermined. At these points the indeter-
minacy can be solved applying L’Hoˆpital’s rule along one curvature line (say,
for instance, along su if we look at the first equality from (7)). Then we get:
C =
1
d
dsu
(kg)u=cst
d2ku
ds2u
(8)
at the point under consideration.
Lines of curvature are computed by solving two-first order differential equa-
tions given an initial point (u0, v0) on the surface S [8]. Existence and unique-
ness of these equations are guaranteed for smooth surfaces (continuity of third
derivatives [8]), something that is expected in PALs. Nevertheless, we warn
that solutions become indeterminate if the lines cross umbilical, planar points
(singular points) [8] and points where principal directions are tangent to the
surface parameter curves [?]. These points can be avoided by considering that
their location is normally known a priori in PALs. Indeed, some early designs
were based on a priori location of a single umbilical line [3].
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Once the line of curvatures are integrated, they can be reparametrized with
respect to the arc-length: P : [sisf ] −→ Γ ⊂ S. This is easily done interpolating
the curve C on a uniform set of points belonging to [sisf ]. Then, the geodesic
curvature can be computed using the formula [10]:
kg =
(
n× dP (s)
ds
)
· d
2P (s)
ds2
.
Special care must be taken because, whereas the derivative of the principal
curvature must be evaluated along one line of curvature, the associated geodesic
curvature is numerically obtained evaluating finite differences along the orthog-
onal line of curvature at the point of interest.
There are available equations for derivatives of normal curvatures along sur-
face parameter curves [?]. Or, alternatively these can be computed numerically
by finite differences using the arc-length parametrization of the lines of curva-
ture. For the numerical evaluation of the cylinder at points where the geodesic
curvature vanishes (8) can be evaluated simply applying finite differences to the
derivatives: ddsv (kg)v=cst and
d2kv
ds2v
.
Figure 1: Lines of curvatures net (green lines) associated to the PAL surface
given by (10). Due to symmetry we only plot the right lower quadrant.
From (7) we derive a generalization of Minkwitz theorem to points along
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lines of curvature and without the low-curvature approximation. Deriving (7)
with respect to one of the arc-length parameters along the line of curvature and
simplifying we obtained:
dC
dsu
=
1
(kg)v=cte
(
d2kv
dsudsv
− 1
(kg)v=cte
d(kg)v=cte
dsu
dkv
dsv
)
=
1
(kg)v=cte
(
d2kv
dsudsv
− C d(kg)v=cte
dsu
)
.
(9)
As before, when the geodesic curvature vanishes, (9) could be solved applying
L’Hoˆpital’s rule. In contrast to previous Minkwitz generalizations [6, 7], (9) is
exact and valid for any point (except if it is umbilic). It also reveals that the
cylinder first derivatives depend on cylinder itself (something already found in [6,
7]) but also on other terms such as geodesic curvature and its first derivative.
3 Numerical example of application
To illustrate the implications of the derived compatibility equations, we applied
them to an archetypal model of a PAL surface, where the curvature profile along
the principal line (y = 0), under the low-curvature approximation, is cubic-type
(p. 294 [3]):
z(x, y < 0) =
k0(x
2 + y2)
2
− kAx
2
2
(
10y3
L3
+
15y4
L4
+
6y5
L5
)
− kAL2
(
y5
2L5
+
y6
2L6
+
y7
7L7
)
,
(10)
where we chose k0 = 2 D, kA = 2 D and L = 0.002 m. Therefore, surface
given by (10) provides a variation of 2 D in the mean curvature from far
(y = 0) to near (y = −2) mm vision. It also contains an umbilical line along
the principal line. We computed the lines of curvatures within the domain
x ∈ (0, 20) mm (for x < 0 the result is symmetrical) and y ∈ (−20, 0) mm. The
surface and the embedded lines of curvature net (green lines) are shown in Fig.1.
We note the important fact that the lines of curvature follow special patterns
when approaching the umbilical line [?], sometimes cutting it perpendicular
and sometimes not. This implies that not at all the points of the umbilical line
(y = 0) it is possible to associate it, at the limit, to a line of curvature.
We carried out a more detail analysis in two reference lines of curvature.
First, the line of curvature associated to the maximum principal curvature gen-
erated from starting point (1,−10) mm, and second from (1,−19) mm, both
increasing along the positive x-axis. Figures 2. show the curves trajectories on
the bi-dimensional plots of mean curvature, cylinder and principal curvatures
within the selected domain. Both, the principal and the mean curvatures and
the cylinder are computed from the principal forms and normals of the surface.
As seen in this graph, the two lines cover a wide range of possible values taken
by the cylinder.
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Figure 2: Two lines of curvature (green and blue lines) drawn on: (a) Maximum
principal curvature; (b) Minimum principal curvature; (c) Mean curvature; and
(d) Cylinder; all of them in diopter units
We analyzed the shape of the first derivative of the maximum principal cur-
vature with respect to arc-length and the geodesic curvatures along the orthog-
onal curves and its contribution to the cylinder. Figure 3 shows first derivative
of maximum principal curvature, geodesic curvature and the cylinder and its
first derivative with respect to the arc-length as computed through Eqs. (7)
and the numerical procedure explained above. The graphs clearly show that
the geodesic curvature plays a quite relevant role in the final shape of the form
of the cylinder and the cylinder derivative. For instance, in the green line of
curvature the region where the geodesic curvature is minimum (around s = 10
mm) is close to the maximum of the first derivative of the cylinder.
Finally, we compared the cylinder derivative along the aforementioned lines
of curvature numerically obtained by (7) and finite differences on it with the
classical Minkwitz theorem in Fig. 4. As expected, the results do not match
due to the approximations implied in the derivation of Minkwitz theorem and,
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Figure 3: (a) First derivative of maximum principal curvature; (b) Geodesic
curvature; (c) Cylinder computed through (7) and the numerical procedure
explained in the letter; (d) First derivative of the cylinder with respect to arc-
length. Green and blue curves are lines of curvature for (1,−10) and (1,−19)
mm starting points, respectively.
also, because Minkwitz is strictly only valid at umbilical points. However, both
equations outputs converge to the same value at the limit, when one of the lines
of curvature goes, also at the limit, along the umbilical line, hence matching
the x− y axes with the lines of curvature. This is indeed the case of the point
obtained intersecting the umbilical line and the line of curvature generated at
(1,−19) mm (blue line).
4 Conclusions
In summary, we have derived complete and exact compatibility equations, in-
volving cylinder, for a PAL surface to exist. These equations show that cylinder
depends not only on principal curvature derivatives along a line of curvature
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but also, and exclusively, on the geodesic curvature along an orthogonal line
of curvature. This extra degree of freedom is revealed thanks to using lines of
curvatures as the surface parametrization.
We have also showed, by numerical examples, that the role of the geodesic
curvature is far from being negligible. Moreover, we believe that the geometri-
cally appealing concept of the geodesic curvature, and its possible relationship
with manufacturing processes, could introduce new ways to shed light into un-
derstanding the possibilities and restrictions in PAL lens technology.
0 5 10 15 20 25 30
Arc-length (mm)
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
C
y
li
n
d
er
 d
er
iv
a
ti
v
e
Figure 4: First derivative of the cylinder with respect to arc-length using (7)
and finite differences on it (solid lines) and Minkwitz theorem (dashed lines).
Green and blue curves are lines of curvature for (1,−10) and (1,−19) mm
starting points, respectively.
To end, we would like to note that, of course, optical properties of a PAL
surface do not exclusively depend on the surface but also on the geometry of
the incoming bundle of light, or wavefront. Following this line, Rubinstein has
tried to derived analogous expressions of the restricted Minkwitz theorem to
refracted wavefronts [14]. One may try to apply that approach to our new
derived expressions.
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